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The expected mean-square error of electron-density maps (observed and
difference) is traditionally estimated as a function of the variance of the
observed amplitudes. The usual purpose is to evaluate the reliability of the
structural parameters suggested by the final electron-density maps. Accordingly,
such calculations are performed after the refinement stage, when the phases are
considered perfectly determined. In this paper a mathematical expression for
the variance (observed, difference and hybrid) is obtained for each point of an
electron-density map for the space group P1 under a different hypothesis: the
current phases are distributed on the trigonometric circle about the correct
values, according to von Mises distributions. The variance calculation may then
be performed at any stage of the phasing process, starting from a random up to a
highly correlated model. It has been shown that the variance does not change
dramatically from point to point of the map; therefore emphasis has been given
to the concept of map variance, which allows an easier study of its properties.
When the model is highly correlated with the target structure the conclusive
formulas reduce to those previously described in the literature. The properties
of the variance are discussed: it is shown that they are the basis for the most
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1. Notation

NREF: number of observed reflections (Friedel opposite
included).

F= Z,A; fiexp(2mihr;) = |F|exp(ip): structure factor of the
target structure.

F,= Zle fiexp(2wihr)) = |F,| exp(ip,), where 1} =r; + Ar;:
structure factor of the model structure.

Yy = Z,A; sz-

Zp = Z?:l f}z'

F,=F—F, = |F,|exp(ip,): structure factor of the ideal
difference structure.

E = A +iB = Rexplip), E, = A, + iB, = R, explip,), E, =
A, +iB, = R explip,), R=|FI/ Y\, R, = |F,I/ x".

p(x) = (2/V) > hoo |Ful cos(2mh - ¥ — ¢,): general expression
of an electron-density map.

0,(1) = (2/V) D poo |Fpul cos@mh -x — @,,):  electron-density
map of the model structure.

Pon(®) = 2/ V) Yoy Fyl cos(2h -1 — g,,):
electron density when a model is available.
[o®)]y = 2/V)D hoo Rucos@rh - r — ¢,):  electron-density
map calculated via normalized structure factors.

PN () = (2/V) D 4o Roncosmh - ¥ — ¢,):  electron-density
map of the model structure calculated via normalized struc-
ture factors.

observed

successful phasing procedures.

Popsn(®) = 2/V) Y oo My Ry cos2th - ¥ — @): observed
electron density when a model is available calculated via
normalized structure factors.

P(u) = (2/V) Y 4.0 |Ful? cos(2rhu): Patterson synthesis.

In all the above Fourier syntheses (observed, difference,
hybrid) the term of order zero is omitted. Accordingly, the
average values of the corresponding maps are always zero. By
h > 0 it is meant that the summation is over one half of the
reciprocal space (only one member of each Friedel pair is
included).

var (r) = ([p(®)]) — [(p(x))?]: variance of the map p in a
point r.

[var,(r)]y = ([p(™]x>) — {{[p(X)]y)?}: variance of the normal-
ized electron-density map.

D,(x) = I,(x)/I,(x): I, is the modified Bessel function of
order i.

EDM: electron-density modification.

D = (cos(2whAr)): the average is performed per resolution
shell.

o, =D, /T

0% = <|,u,|2§/ > i (lul) is the measurement error.

e=1+ 0%

m = (cos(¢ —¢,)) = L;(X)/[,(X) where X = 20,RR,
x(e —o2)7".
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s =sinG/A.
CORR: correlation between the model and the target
electron-density maps.

2. Introduction

In the early days of modern crystallography much effort was
dedicated to establishing the accuracy of the results of struc-
ture analysis. In this context the study of electron density
played a major role (Bragg & West, 1930; Booth, 1946, 1947,
Cruickshank, 1949; Cochran, 1951; Cruickshank & Rollett,
1953) with special attention paid to the effect of measurement
errors. In particular, the expected mean-square error in the
electron-density map was estimated (Cruickshank, 1949) as

2 1 2
70 =152 U, (1)

where o*(|F,|) is the variance of the observed amplitude.
Equation (1) provides a global error, constant for any point of
the map. More interesting results were obtained by Coppens
& Hamilton (1968), who obtained error functions at specific
points in the unit cell:

Pl = s 3 (FeosCrh r =) ()

h>0

All the above works addressed interpretation of the maps
obtained in the final stages of crystal structure refinement
(when the phases are considered perfectly determined and
therefore fixed), to assess the reliability of the conclusive
structural parameters. In this paper we will calculate the
expected value of the electron-density map p and its variance
var ,(r) in any point r of the map when:

(a) No information on the phases is available (in practice no
model structure is available). Then the phases ¢, may be
considered random variables uniformly distributed on the
trigonometric circle.

(b) A model structure is available. Then each phase ¢, may
be considered to be distributed around ¢,, according to the
von Mises distribution M(g; X, ¢,) where

M(p; X, ¢,) = [21y(X)] " exp[X cos(p — ¢,)]. (3

Equation (3) is the most used and most accurate phase
distribution when a model structure is available. It originates
from the study (Srinivasan & Ramachandran, 1965) of the
joint probability distribution P(Ey, E,y) of which equation (3)
is a conditional distribution. It may be applied in quite a wide
range of examples, from the case in which the model is
uncorrelated with the structure [i.e. equivalent to case (a)
above], to the limit case in which the model coincides with the
structure {then the distribution [equation (3)] becomes a Dirac
delta function centred on ¢,}. It may be concluded that the
distribution [equation (3)] is particularly useful for the
purposes of this paper, aiming at estimating the variance of an
electron-density map no matter the quality of the model
structure.

We are also interested in the variance of the difference
Fourier syntheses and in general in that of the hybrid synth-
eses of type tF — wF,. We use our mathematical results to
provide a key for interpreting various phasing algorithms,
among which we quote EDM techniques, charge flipping and
the VLD algorithm.

3. The estimate of var,(r) in P1

We analyse the cases (@) and (b) of §2.
Case (a): phases ¢ are randomly distributed on the trigo-
nometric circle. Since {cos(27h - r — ¢,)) = 0 for any r,

(p(r)) =0 4)

for any point r of the map. This is a reasonable result; in the
absence of a model correlated with the electron density of the
target structure, p(r) may have positive or negative values with
the same probability in any point of the map. Since

4
(o) = % Z (IFyFy| cos(2rthr — ¢,) cos(2mkr — @),
h,k>0

the only non-vanishing contributions to the average occur
when h = k (we deliberately neglect the cases for which k = rh,
where n is an integer number: their contribution is non-
vanishing only for very small »n values). Therefore

) , 1
(o)) =5 ) IR =1PO),

h>0

which is constant for any point of the map. Accordingly
1
var (r) = VP(())' (5)

If normalized structure factors are used as coefficients of the
Fourier synthesis, then

([p(m)]y) =0 and [var,(r)]ly = NREF/V. (6)
In conclusion, when no information is available on the phases,
the variance var,(r) and [var,(r)]y do not vary with r.
Increasing the data resolution leads to higher values of the
variance; in particular [var,(r)]y is equal to the measured
reciprocal-space volume.

Case (b): phases are distributed according to equation (3).
This case implies that a model (no matter if poor or accurate)
is available. Then

(0le) = 5 Y my ol cos2th -1~ ) = pu(®). - (7)

h>0

If the model is uncorrelated with the target structure then o, =
0 for any h and (p(r)) =0, as in case (a). If o, =1 the
distribution of each ¢ is a delta function centred on ¢, and
(p(r)) = p,(r).

In general
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4
(00) = 75 D (IFuFil cos@th ¥ = gy) cos2rke — @)
h,k>0

4
=5 2Rl {cos’@mh - x — gy))

h>0
4
+ v Z |FuFyl(cos(2rth - ¥ — @,) cos(2rtkr — ¢))
h#k>0
2 2, 2 2
= WZ Rl + 5 > " IF,’D,(X,) cos(4mh - ¥ — 2¢,,,)
h>0 h>0

4
+ Iz Z | FyFylmymy cosrch -t — ¢,,)
h£k>0
X cos(2rkr — ¢, ).
®)
Since the last term in equation (8) is equal to
4
Pow(® =33 > mil FyPeos’@rh - x = g,0)
h>0

we obtain

() = o5 (U= B = = S IRl — Dy(X,)]

h>0 h>0
x cos(4mch - ¥ —2¢,,) + Paps(F)

and
var,(r) = ([(o®F) — [(pr))]

2
=20 (L= m)IR[’

h>0

2
e Z |Fh|2[mi — Dy(Xy)] cos(4rh - r — 2%}.)

h>0
©)
or also
2
Varp(r) = WZ [1- Dz(Xh)]|Fh|2
h>0
4
vz Z |Fy[miy, — Dy(X,)]cos’2rth - r — Ppn)-
h>0
(10)

Equations (9) and (10) are the formulas we were looking for.
The corresponding expressions for var ,y(r) are obtained from
equations (9) and (10) just by replacing |F,| by Ry,

4. The properties of the variance in P1

According to equations (9) and (10):

(1) The variance in a point r is the difference of two
contributions: the first (say the constant term) does not vary
with r, the second (say the variable term) depends on r.
Since cos(4h-r—2¢,) <1 and (see Fig. 1) 1—m; >
mi — D,(X,,), the variance is expected to be non-negative in
any point of the unit cell. We will consider the first term of
equation (9), rather than the first term of equation (10), as the

12
0.9

0.6 _mz_ Dz

==1-m
0.3

0 5 10 15 20 25
X

Figure 1
mi — D,(X,) versus X, for a suitable interval of X.

constant component of the variance. Indeed, if we consider the
phases to be statistically independent of each other, the
average value of the variable term in equation (9) is zero,
while the variable term in equation (10) is never negative
because it contains a constant positive component [ie.
cos’x = (1 + cos 2x)/2].

(2) m — D,(X,,) is positive for any value of X (see Fig. 1),
but for X = 0 and X = 00, it vanishes. Accordingly, the variable
term vanishes (that is, the variance is constant for any r) when
the model is uncorrelated or when it coincides with the target
structure. The reason why, in these conditions, the variance is a
constant is easily understandable. If CORR = 0 no phase
information is available, and therefore there is no reason that
the variance in one point of the cell is different from the
variance in another point (i.e. the variance is constant and
different from zero). If CORR = 1 the phases are distributed
according to Dirac delta functions and assume their correct
values; the map p(r) is then perfectly defined and the variance
vanishes in any point of the map.

(3) Large contributions to the variable term may arise from
reflections with large observed and small calculated ampli-
tudes {for them |F,|*[mi — D,(X,)] is expected to be larger,
see Fig. 1}; and, vice versa, the contribution is expected to be
quite small from reflections for which the observed amplitudes
are very small [they do not contribute significantly to p(r); see
also the last observation in this section].

(4) The three-dimensional periodicity of the variance is
half that of the electron density. Indeed it assumes the same
value inr and in r + u, where u = ua + vb + we and u, v, w may
be 0 or %

(5) As is well known, the p.(r) maxima are located
where ) ,_omy|Fy|cos@rh-r—¢,,) is positive and
maximum (e.g. at or near to the atomic positions of the
model); the minima of the variance are located where
> w0 |Ful’lmy — Dy(X,)lcos*(2mth - x — ¢,,) is positive and
maximum. Accordingly, the minima of the variance are
expected to be close to the points where p (r) attains its
maxima and its minima. Of course, truncation effects due to
the limited experimental resolution contribute to displace
minima and maxima from the expected positions.
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It may be useful to introduce a supplementary point of view.
In two recent papers by Burla et al. (2006) and Caliandro et al.
(2007) the main properties of the Fourier synthesis

FF = V™' ) " |F,[’ cos(2rh - r — 2¢3,) (11)

h>0
are described. The authors applied FF to acentric space
groups to check for the presence of a pseudocentric phase
distribution during Patterson deconvolution phasing proce-
dures. A strong maximum should indicate the presence of a

VA
X

7,,&‘\\ 7

(@)

(0)
Figure 2
Target (simulated) crystal structure in P1: the planar ten-atom molecule
(in red in Fig. 2a) is on the plane (a, b). A model (in blue) was generated,
for which o, = 0.7, by deleting some of the target atoms. () and (b) show
the projection of the variable term on the planes (a, b) and (a, ¢),
respectively.

pseudo-inversion centre. The synthesis [equation (11)] attains
maxima at the points r; + r; accordingly the distribution
VU3 o |Ful? cos(4rth - ¥ — 2¢,) is expected to have maxima
at (r; + r;)/2 (there the variance is expected to show minima).
The variable term of the variance in equation (9) does not
coincide with the synthesis [equation (11)] because it is a
weighted observed Fourier synthesis, with a weight that is not
proportional to the 2¢, reliability. However, it may be
expected that the variable term vanishes far away from the
atomic positions.

To check the above conclusions we simulated a crystal
structure in P1 characterized by a very large unit cell: a ten-
atom planar molecule was located on the plane (a, b) and a
model structure was generated by deleting and moving some
of the atoms of the target molecule. In Figs. 2(a) and 2(b) we
show the projection of the variable term on the planes (a, b)
and (a, c), respectively. The distribution is rather flat (much
flatter if the full variance is taken into consideration): minima
and maxima are concentrated close to the plane (a, b) [and,
owing to property (4) above, also close to the parallel plane at
¢ = 1/2]; it is quite flat in all the other points of the unit cell.

(6) In equation (9) each reflection adds: (i) a positive or
negative contribution to the variable term according to
whether cos(4rh -r —2¢,,) is negative or positive; (ii) an
always positive contribution to the constant term, larger than
the contribution described in (i) [see Fig. 1 for the difference
between (1 — m}) and m? — D,(X,)]. Accordingly, the value of
the constant term is expected to be remarkably larger than the
values of the variable term for any r.

To verify the effects of the correlation between model and
target structure, for the same simulated target structure
described in point (5) we created five models with different
correlations with the target (the correlation may be estimated
by the corresponding (o ,) values, where (o) is the average of
the o, values calculated per resolution shell). For each of
these models we computed the value of

oscv = {max[varp(r)] — min[var p(r)]} /const

when r varies over all the points of the variance map. Oscv
provides, for a given variance map, the maximum oscillation of
the variance as a percentage of the constant term (const in the
formula). The values of oscv are plotted in Fig. 3 (blue
squares) versus the parameter (o,). It may be observed: (i)
oscv is in the range 0.14-0.30 for the tested (o,) values; (ii) in
accordance with point (i), the variance does not significantly
change with the point r; (iii) in §5 we will consider p,,(r)/0, as
the signal/noise ratio, where o, = (Varp)l/ > It is therefore
relevant to show (see Fig. 3) the trend of

0sco = {max[(rp(r)] — min[crp(r)]}/(const)l/2

for different values of CORR. It varies in the interval 0.07-
0.15. Since p(r) varies very strongly with r, the value of
pobs(r)/(ap)l/ > depends mainly on the variation of the
observed electron-density distribution.

In accordance with points (i)—(iii) and in order to simplify
our study of the variance properties, we will consider the
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variance approximately constant for all the points of the unit
cell; we do not exclude the possibility, however, that, at a
deeper analysis, the variable term may have some role in the
phasing procedures in P1. From now on

2
var ,(r) = var, = WZ (1 — m})|F,I? (12a)
h>0
and
o,r)=0,= (Varp)l/2 (12b)

will represent the variance of the map and its standard
deviation. The above results may be rather unexpected, but
are justified by the following observation: for a given CORR
value the variance in an atomic position cannot be very
different from the variance calculated in a point far from it.
Indeed, a small variance in the atomic positions implies that
the zero-density points are well estimated. Vice versa, a large
variance in the atomic positions implies also that the back-
ground points are badly estimated.

o, should not be confused with the standard deviation of
the pixel intensity distribution of an electron-density map (let
us denote it by o,). o, is widely used in protein crystal-
lography: very often only those pixels of a map having a
density larger than no,, where n is a suitable rational number,
are selected for further calculations. o, and o, have a quite
different meaning and therefore a quite different behaviour.
To give a numerical idea of the relationship between the two
quantities, we plot in Fig. 3 o, and o, versus (o) for the same
six models for which we calculated the variance. It is easily
seen that 0, and o, are anticorrelated: the first diminishes and
the second increases when CORR improves.

Let us consider o, and o, trends versus data resolution.
According to equations (12a) and (12b) the value of var,, and
therefore of o, for a given model, increases in the case of
better data resolution [in this case the summation on the right-
hand side of equation (12a) involves a larger number of

o

1.2 o—

4 o0scv

& 0SCO
0.8 o

Lo 0y

-!-op
0.4

e

0.5 0.7 0.9

<Ox>

Figure 3

Oscv (blue line), osco (green line), o, (red line) and o, (yellow lines) are
plotted versus (o). The five blue and yellow squares, and the red and
yellow triangles correspond to the five models of the simulated target
structure described in the text.

terms]. Also o, increases when the resolution improves (then
positive peaks are stronger). In Fig. 4, for the protein PDB
(Protein Data Bank) refcode 1bxo with RES = 0.95, and for
two model structures with a mean phase error with respect to
the target (say MPE) equal to 45 and 66°, respectively, we
show the values of o, and of o, when the data are cut at
different resolutions. We observe: (i) o, and o, curves do not
coincide but show a similar trend with the resolution; (ii)
04 > o0, for the better correlated model, but o, <o, for the
poor model. That agrees well with Fig. 3: indeed o, = 0.16 for
the poor model, o, = 0.43 for the better correlated model.

Both o, and o, decrease when the average thermal factor
increases (e.g. because the moduli |F, |* decrease more rapidly
with increasing values of sin@/1), and both depend on the
density of the scattering power of the target structure (o, and
o, will be different for two structures with identical atomic
positions but with different scattering power).

If E maps are used, o, and o, are expected to have a sharper
trend. Indeed, in this case we deal with non-band-limited
distributions: then (R?) = 1 no matter the resolution shell. In
this situation o, and o, are expected to increase very rapidly
with RES, much more than for F maps.

The consequences of the above conclusions cannot be fully
estimated if one does not consider how the electron density
itself varies with the parameters considered above. We will
discuss this point in §6.

A last point deserves to be examined. In a recent paper
Caliandro et al. (2008) assumed, as in this work, that a model
structure is available and that each phase ¢, is distributed
around ¢,, according to equation (3). They focused their
attention on the difference electron density, and derived for
the corresponding Fourier coefficients the variance expression

th = (1 - m2)|Fh|2'

The result was obtained by assuming the model parameters to
be constants of the mathematical approach; as a consequence,
the above equation may also be applied not only to the
difference electron density but also to the electron density

0.5
u]
0.4
= MPE=45°
—MPE=66°
0.3
0.2 O g,
Vo,
0.1
1 15 2 25 3 35 4 45
RES
Figure 4

Protein 1bxo: o, (triangles) and o, (squares) versus RES for two model
structures, having MPE = 45° (yellow) and 66° (green), respectively.
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itself (see also §5). Accordingly, var, is nothing else but the
sum of the variances of the single reflections, considered
statistically independent, divided by the squared unit-cell
volume:

1
var ,(r) = v Z O’Zh.
h

If the distribution of the phases is considered independent of
the distribution of measurement errors (that is a reasonable
assumption because errors on measurements depend on the
experiment, while the phase distribution depends on the
model), we can combine equations (2) and (12a) into

var ,(r) = %Z [20%(|Fy|)cos*2mh - ¥ — @) + (1 — mp)|F,l*],

h>0

(13a)

providing the variance map for any electron density, no matter
the degree of correlation between model and target structures.

If the correlation between model and target structures is not
very high, the contribution to the variance arising from
measurement errors is negligible; indeed it depends on
o*(|F,|), which is usually quite a small percentage of the |F,|*
moduli. The contribution arising from weak reflections, for
which measurement errors are comparable with diffraction
amplitudes, may be neglected with respect to that provided by
strong reflections.

Vice versa, at the end of a satisfactory structure refinement,
mg is close to unity for nearly all the reflections, the variance is
mainly determined by measurement errors and varies from
point to point in the map. It may be worthwhile noticing that
some inadequacy of the refined structural model may cause
uncertainty on some phases, in particular on the weak reflec-
tion phases, which may be characterized by non-unitary m?
values. In this case the contribution to the variance arising
from the phase distribution is no longer negligible and may
substantially contribute to the total map variance. It may also
occur that the variable term, described in §4, may play some
role in a better definition of the variance; specific experimental
tests should be useful to confirm the conjecture.

If the electron-density map is calculated by normalized
structure factors, then

var ,y(r) = var,y

- %Z [Z o*(|E,|) cos’2mh - x — ¢,)

h>0 "h>0

+ (1= mIE ] (13b)

5. The estimate of the expected maps and of the
variances for some Fourier syntheses

We will consider three types of difference Fourier synthesis,
under the assumption that each phase ¢, is distributed on the
trigonometric circle according to equation (3).

5.1. Case 1, the ideal difference Fourier synthesis
Let

P = ) = 9y = 3"l cos2mh -1 — ). (14)

h>0

The corresponding map is calculated via the coefficients
F, = |Fyul expliog) = |F|exp(ip,) — |F,| exp(ig,,).  (15)

Since the phases ¢, are supposed unknown, we can only
estimate the expected value of p,(r):

(0,0) = (p(r)) — P, (1) = Poys(X) — P, (1)

2
=3 2 (mlFul = |Fp]) cos@h -x — @) (16)

h>0

Equation (16) agrees with Main (1979), Burla, Caliandro et al.
(2010) and Burla, Giacovazzo & Polidori (2010). Since p,,(r) is
the prior information, it is constant with respect to the chosen
set of variables; accordingly the variance of p,(r) (say varp,)
will satisfy the condition

var,, = var,. 17)

5.2. Case 2, the weighted ideal difference electron density
Let

2
pwq =p - <UA>10p :vlewq“COS(znh‘I‘_(pwqh)’ (18)
h>0

where

Foun = |quh| eXP(i<Pth) = |F|exp(ig,) — <GA>|F1)| eXp(i(Pph)-
(19)

The parameter o, in equation (18) may be defined as
(o4) = (04(s)), where o ,(s) is the o, value calculated for the
resolution corresponding to s.

The expected value of p,,(r) may be calculated as follows:

(Pug(0) = (0(1)) = (04) 0, (X) = Pops(X) = (04) 0, (F)
= %/Z (my|Fy| — (O'A>|th|) cos(2rh - r — (pph)-

h>0

(20)

Since (04)p, is a constant with respect to the chosen set of
variables, the variance of p,,, is given by

var ,,, = var, = var,. (21)

5.3. Case 3, the hybrid ideal difference electron density
Let t and w be any pair of real numbers, and
2
Po(®) = Tp() = wp, (1) = - [Fo| cosrh -1 — pg). (22)
h>0

Its Fourier coefficients are
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Fo = 1|F| exp(igy) — O|F eXp(i(pph)

and its mean value is

2
(po®) =73 (tmIFy| = w|Fy[) cos2rh -x = g,0). (23)

h>0
Accordingly

varpg(r) = rzvar,oq(r) = t?varp(r). (24)

For all the three cases described above, the variance will
show the same trend (versus the resolution or versus CORR)
described in §4. Of particular interest is the use of the variance
for assessing the meaningfulness of the difference electron
density when CORR is close to unity: after the structure
refinement, owing to some residual inadequacy of the model,
the variance may be determined by the combined contribution
arising from the uncertainty on some phases (usually those
associated with weak amplitudes) and from measurement
errors. In this case the variable term in the variance expression
may not be negligible. It is worthwhile noticing that we
assumed an ideal scaling in our treatment of the difference
electron density (and in general for all the hybrid syntheses).
However, as observed by Rees (1976, 1978), the mean-
ingfulness of the variance also depends on the correct scaling
between p(r) and p, (r), a condition quite critical for multipolar
refinement in electron-density studies.

6. The signal/noise ratio in electron-density maps

In §3 we showed that, if the phases are assumed to be
distributed on the trigonometric circle according to equation
(3), the variance of the electron density p(r) in P1 does not
vary significantly with r; in simple terms, it is nearly constant,
no matter if r is on, close to, or far from the atomic positions,
and no matter the value of the electron density in that point.
We observed in addition that the value of var,, for a given
model, increases when the resolution improves, decreases
when the average thermal factor increases and depends on the
density of the scattering power of the target structure. The
above statements hold also for the various types of difference
Fourier synthesis, and are rather surprising if one does not
consider the corresponding changes of p,5(r), (0,(r)), {0y, (1))
and (pQ(r)). We will show that such properties are the basis of
most of the modern successful phasing procedures.

Let us first consider the p(r) map. It is accessible only at the
end of the phasing procedure: during the phasing process
Pons(T) 1s its best approximation, and may be considered the
available signal. Consequently, more than the variance in
itself, we have to consider the quantity

S(r)/N = pohs(r)/(varp)l/z’ (25)

which may be considered the ‘signal-to-noise ratio’. For
example, when data resolution improves, both p (r) and var,
increase: the ratio [equation (25)], calculated in the peak sites,
can establish if atoms are located with less or greater accuracy.

If normalized structure factors are used for calculating the
electron-density maps, equation (25) changes to

S(I‘)/N = pobsN(r)/(VarpN)l/2~

Let us now suppose that p,,.(r) has been calculated and we
want to apply EDM techniques for improving the model. Since
var, is constant, in the absence of any additional prior infor-
mation (which, however, is often available in protein crystal-
lography, e.g. knowledge of the envelope), the only way of
selecting the pixels with the largest S(r)/N value is the use of a
threshold TRH on the p,(r) densities. Then, automatically,
the threshold selects the pixels for which S(r)/N is larger.

An inverse Fourier synthesis based on the selected pixels
may lead to phase values better than those used for the
calculation of p,,(r) (it is a sort of clean-up technique). This
criterion is used in some EDM procedures (Shiono &
Woolfson, 1992; Refaat & Woolfson, 1993; Giacovazzo &
Siliqi, 1997).

If the main interest is to drastically modify a model without
destroying it, a good way is reversing the sign of the density in
some region of the map (no matter if in the positive or in the
negative region). If this technique is used for ab initio phasing,
the region to reverse cannot be part of the solution, otherwise
convergence would never be reached. Charge flipping
(Oszlanyi & Siitd, 2004, 2005, 2007; Palatinus & Chapuis, 2007)
uses exactly this technique: it cyclically reverses the sign of a
small sheet of an electron-density map with density close to
zero. When a good model is obtained, reversing the sign of
S(r) > TRH in this region provides a negligible perturbation of
the model which cannot destroy it.

The technique is also used in non-ab initio phasing, when it
is fruitful to perturb the model in order to obtain, via EDM
techniques, a better convergence to the correct phases
(Abrahams & Leslie, 1996).

As stated before, the number of pixels with positive density
for which S(r)/N > TRH increases with CORR, provided
TRH is sufficiently large. As a consequence, those EDM
techniques that use, for the Fourier map inversion, a fixed
percentage of pixels [for example, 2—4 %, those with the largest
positive density — this is the case of Giacovazzo & Siligi (1997)
and Burla, Giacovazzo & Polidori (2010) in the VLD algo-
rithm] practically use a different S(r)/N threshold in each
inversion cycle (on supposing that CORR changes from cycle
to cycle).

A different strategy, fixing the same TRH value for all the
EDM cycles, implies the variation of the percentage of the
pixels (say PERC) used for the Fourier inversion. According
to this last criterion, if CORR improves, PERC automatically
increases. The two strategies may produce quite different
results when used in automatic EDM procedures. In Fig. 5 we
show the trend of the average phase error (MPE) for a small-
molecule structure (SCHWARZ, C4sH7,0,7; Sheldrick, 1982)
and for a medium-sized molecule (TVAL, Cs;HooN¢Og, Z = 2;
Loll et al, 1997) both crystallizing in P1. Phase refinement
starts from 72° for SCHWARZ and from 76° for TVAL. In
one phase-refinement strategy PERC is maintained constant
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(equal to 3%; Giacovazzo & Siligi, 1997): after 100 EDM
cycles MPE drops to 45 and 39° for SCHWARZ and TVAL,
respectively. It may be noted that, assuming PERC = 3% at
the beginning of the EDM refinement, this corresponds to
fixing TRH to 1.57 and 1.77 for SCHWARZ and TVAL,
respectively. At cycle 100 PERC = 3% corresponds to TRH =
4.86 and 5.58, respectively, for SCHWARZ and TVAL.

If, during the EDM cycles, the threshold TRH = S(r)/N for
SCHWARZ and TVAL is constantly fixed to 1.57 and 1.77,
respectively, then MPE drops to 21 and 24° in 100 EDM cycles.
The PERC values corresponding to TRH = 1.57 and 1.77 are
3% for both SCHWARZ and TVAL at EDM cycle 1, 14% and
13% at cycle 100.

The above results show that the two strategies may provide
quite different results. It cannot be claimed, however, that one
is better than the other: many extended tests are necessary,
taking into account data resolution, structure size, average
thermal factor efc. Nevertheless, the results described above
indicate that an investigation taking into account the ratio
S(r)/N may be rewarding.

7. The signal/noise ratio in difference and hybrid
Fourier maps

We will analyse the values of S(r)/N in the difference electron
densities considered in §5, and we will compare them with the
corresponding ratios of the p(r) map. The comparison will
confirm the most relevant properties of such maps.

7.1. Case 1, ideal difference Fourier synthesis

Here

S(X)/N = [pgs(X) — p,(1)]/(var )"/, (26)

We observe:

(a) When CORR ~ 0, according to equations (12a) and
(12b), var, attains its maximum,; then equation (26) coincides
with

TVAL_TRH
80 — TVAL_PERC
\ == SCHWARZ_TRH
60 — SCHWARZ_PERC
w \N
o 40
= \
0
0 20 40 60 80 100
cycle
Figure 5

SCHWARZ and TVAL: mean phase error (MPE) versus EDM cycles.
TRH and PERC indicate the EDM strategies: in the first case the
threshold TRH = S(r)/N is maintained fixed, in the second case the
percentage of the pixels used in the Fourier inversion is constant.

S(®)/N = —p, 1)/ (var,)"”. 27)

If the random model has the same global scattering power of
the target, the value of S(r)/N provided by —p,(r) (calculated
in correspondence with the peaks in the map) is large and
comparable with that obtained by an observed electron
density highly correlated with the target. The meaning of the
signal is however different: in the case of equation (27) the
negative peaks of the map suggest eliminating the model, in
the observed map case the peak positivity confirms the model.
The signal provided by equation (27) diminishes with its
scattering power [i.e. it is more informative to generate a large
random scattering model than a small one; see Burla,
Giacovazzo & Polidori (2010)]. It may be concluded,
according to Burla, Caliandro et al. (2010), that a model, even
if random, may provide, through the difference Fourier
synthesis [equation (16)], reliable information on p,(r)
because the signal-to-noise ratio is high. The reader is referred
to Table 2 of that paper to check this surprising result: in the
table (Ag,), the average phase error on the phase ¢,, is shown
for some random models.

(b) When CORR increases the amplitude of the positive
peaks in p, (r) — p,(r) increases while the denominator of the
right-hand side of equation (27) diminishes. Then positive
peaks start to be part of a new model, and negative peaks tend
to vanish where p,,(r) nearly overlaps with p,(r). To check
how S(r)/N varies with CORR we calculated its largest posi-
tive and negative values for the five examples used in §3. The
results are shown in Fig. 6. As expected, the largest absolute
values of S(r)/N for loosely correlated models are obtained
for the curve (S/N—) (where it reaches the value —19,
corresponding to a model atom in a false position). The largest
positive value of S(r)/N is obtained for the curve (S/N-+)
(where it reaches the value of 25, corresponding to a missed
atom). Obviously, the largest positive ratios S(r)/N are
obtained for observed electron densities, where values close to
65 are observed.

30
20

10

0 4 S/N+
' 05 0.6 0.7 0.8 0.9 *SN-

<0,>

Figure 6

The largest positive (S/N+) and largest negative (S/N—) values of
S(r)/N for the five models of the simulated target structure described in
§3. On the abscissa are the corresponding (o,) values.
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7.2. Case 2, weighted difference electron density

We notice:
(a) According to equations (18) and (20) the signal-to-noise
ratio is given by

S@)/N = [pgps(1) — (04)p,(1)]/(var,)"/>. (28)

(b) For an uncorrelated model the signal vanishes: no
information is provided on the ideal p,(r).

(c¢) For increasing values of CORR, in equation (28) the
numerator increases and the denominator decreases. The map
becomes more informative.

Both the properties (b) and (c) are also known features of
the difference maps calculated with Read (1986) coefficients

(my|Fy| — D|th|) exp(i(ﬂph) or (my|Ry| — UA|Rph|) exp(iwph)’

7.3. Case 3, hybrid ideal difference electron density
According to equations (23) and (24)

@ _ tloobs(r) - a)pp(r)

i (29)

N 7[varp(r)

We will comment on equation (29) according to two para-
meters, T/w and CORR:

(a) When CORR ~ 0 var,, attains its maximum value and
equation (29) coincides with

S(r)/N = —a),op(r)/r(varp)l/z. (30)

The signal (constituted by the negative peaks of the —p, map)
is maximized for large scattering power of the random model
and diminishes when the ratio t/w increases (the variance
increases with 72); as a consequence the Fourier syntheses with
7> w are expected to be less correlated with the ideal electron
density p,. This is the case of the widely used Fourier synthesis
characterized by v = 2 and w = 1, which is mostly employed
for its capacity of reducing the model bias rather than for
immediately providing a better map correlation.

(b) The value of S(r)/N increases with increasing values of
w/t: maps with high values of w/1 are expected to provide, via
the negative peaks, high-quality information on ¢, particu-
larly for random models.

(¢) The amplitude of the positive peaks in 7o,,(r) — wp,(r)
increases with increasing values of CORR, and the quality of
the signal improves proportionally to the value of t. For large
T values positive peaks may easily become part of a new
model. It may be concluded that Fourier syntheses with 7> w
may be electively employed for models with sufficiently high
correlation with the target, to reduce the model bias and at the
same time to improve the correlation. Fourier syntheses with
T < w are more useful when applied to very poor models, for
drastically changing them up to when a satisfactory model is
achieved. Paradoxically, such types of hybrid Fourier synthesis
are less often used in crystallography.

8. Conclusions

A new approach for calculating in P1 the variance of electron-
density maps is described. Observed, difference and hybrid
electron densities are considered under the assumption that
the phases are distributed on the trigonometric circle
according to von Mises distributions centred on the correct
phase values. A general formula for the variance was obtained:
it does not remarkably change with r, no matter if r is located
on a peak or on a low-density point. The concept of map
variance was then introduced, and its dependence on various
parameters (e.g. correlation between model and target struc-
ture, resolution etc.) was studied.

The results were used to analyse the quality of the infor-
mation provided by any type of density map through a
criterion of type ‘signal to noise’. Such criterion enabled us to
correlate the variance properties with the most successful
phasing procedures.

For reader usefulness it is anticipated that the concept of
map variance does not hold for space groups with symmetry
higher than P1. This property opens new perspectives for the
phasing procedures: indeed, according to this result, two
points of an electron-density map may have the same density
but a different variance, and therefore they may have different
signal-to-noise values.
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